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Abstract

The DiffTop Fortran based package is presented. This program allows the user to

calculate the differential and total cross section for heavy-quark pair production at hadron

colliders in 1PI kinematics. The cross sections are calculated in perturbative QCD at leading

O(α2

s
), approximate next-to-leading O(α3

s
) and approximate next-to-next-to-leading order

O(α4

s
), by using methods of threshold resummation beyond the leading logarithmic accuracy.

The package is very flexible and all computation inputs can be easily modified by editing a

user options text file.

1marco.guzzi@desy.de, katerina.lipka@desy.de, sven-olaf.moch@desy.de
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1 Program summary

Program title: DiffTop (ver. 1.0.1)

Licensing provisions: none

Programming language: Fortran

Compiler: gfortran

Computer: All

Operating system: Linux

Running time: For the differential cross sections it depends on the inputs. On a “Intel Core-i7”

CPU M 640 at 2.80GHz × 4, a usual run takes 7-8 hours for a 40 points grid. The total cross

section computation takes approximately 30 minutes.

Nature of the problem: Calculation of differential and total cross section at LO, approximate

NLO and NNLO in QCD by using techniques of threshold resummation beyond the leading

logarithmic approximation.

Key words: Top-quark Physics, Hadron Colliders, QCD, Threshold Resummation,

2 Introduction

Studies of heavy-quark production at hadron colliders provide stringent tests of quantum chro-

modynamics (QCD) and of the theory of electroweak (EW) interactions. These are of crucial

importance in searches for signatures of physics Beyond the Standard Model (BSM).

The comparison of QCD predictions with the data and a multitude of phenomenological

analyses of interest require to have precise predictions not only for the inclusive cross section,

but also at differential level. Invariant mass distribution of the heavy-quark pair, transverse

momentum and rapidity distributions of the final-state heavy quark or pair, are examples of

differential distributions needed at the highest perturbative order possible.

The QCD corrections to heavy-quark production at hadron colliders at the next-to-leading

order (NLO), O(α3
s), are known since many years [1–6]. The full calculation at next-to-next-

to-leading order (NNLO), O(α4
s), for the inclusive cross section has been accomplished only

recently [7–10] and required continuous efforts of the QCD community in calculating radiative

corrections and in the development of computational tools [11–18]. The NNLO calculation of

the inclusive cross section for the tt̄ production is implemented in the C++ computer programs

Top++ [19] and Hathor [20]. In these calculations the final-state top quarks are considered

in the on-shell approximation.

The use of threshold resummation methods allows one to derive approximate formulas at

NNLO for differential distributions, in which the cross sections are expanded in terms of the log-

arithmic enhanced contributions (appearing as plus distributions), and can therefore be written

at various degrees of logarithmic accuracy. Studies at the next-to-leading-logarithmic (NLL),
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next-to-next-to-leading-logarithmic (NNLL) accuracy and beyond can be found in Refs. [21–30]

and references therein.

The approximate NNLO O(α4
s) calculation for the differential cross section in the single-

particle inclusive (1PI) kinematic for heavy-flavor production at hadron colliders is discussed in

Ref. [31]. This calculation is implemented in a novel computer code DiffTop, that is presented

here and is available at [32] . Techniques of logarithmic expansion beyond the leading logarithmic

accuracy in QCD threshold resummation are used.

3 One-particle inclusive (1PI) kinematics

In this section a brief description of the 1PI kinematics is given together with the structure of

the differential cross section calculation as implemented in the code. More details can be found

in Ref. [31].

Heavy-quark hadroproduction in 1PI kinematics is defined by the reaction

h1(P1) + h2(P2) −→ Q(p1) + X[Q](pX) , (1)

where h1 and h2 are hadrons, X[Q] denotes any allowed hadronic final state of momentum pX

containing at least the heavy antiquark, and Q(p1) is the identified heavy quark with mass m.

The hadronic invariants in this reaction are

S = (P1 + P2)
2 , T1 = (P2 − p1)

2 −m2 , U1 = (P1 − p1)
2 −m2 , (2)

and

S4 = S + T1 + U1 , (3)

where S4 is a measure of the inelasticity of the hadronic reaction (1). Near the threshold,

reaction (1) is dominated by the partonic subprocesses

q(k1) + q(k2) −→ Q(p1) + X ′[Q](p′2) , (4)

g(k1) + g(k2) −→ Q(p1) + X ′[Q](p′2) . (5)

If X ′[Q](p′2) = Q(p̄2), the reaction is at partonic threshold and the heavy antiquark has momen-

tum p̄2. Note that threshold production does not mean that the heavy quarks are produced at

rest. The qg and qg channels contribute at one order higher in αs than reactions (4) and (5) 2.

The partonic invariants corresponding to the hadronic ones in Eq.(2) are

s = (k1 + k2)
2 , t1 = (k2 − p1)

2 −m2 , u1 = (k1 − p1)
2 −m2 . (6)

2For example, for top quark pair production at the Tevatron pp̄ collider these subprocesses contribute only 1%

of the total cross section [1, 3, 5].
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The invariant s4 = (p′2)
2 −m2 which measures the inelasticity of the partonic reactions (4) and

(5) is related to the other partonic invariants by

s4 = s+ t1 + u1 . (7)

The factorized differential cross section for reaction (1) is written as

S2d
2σ(S, T1, U1)

dT1 dU1
=

∑

i,j=q,q̄,g

∫ 1

x−

1

dx1
x1

∫ 1

x−

2

dx2
x2

fi/H1
(x1, µ

2
F )fj/H2

(x2, µ
2
F )

×ωij(s, t1, u1,m
2
Q, µ

2
F , αs(µ

2
R)) +O(Λ2/m2

Q) (8)

where fj/H(x, µ2
F ) is the probability of finding the parton j in hadron H, µF and µR are the

factorization and renormalization scales respectively, and ωij is the hard scattering cross section

in the 1PI kinematic. Power suppressed terms indicated by O(Λ2/m2
Q) are neglected in the

current implementation.

The parton momentum fractions x1 and x2 have lower limits x−1 and x−2 , which in 1PI

kinematics are given by x−1 = −U1/(S + T1) and x−2 = −x1T1/(x1S + U1). Ref. [5] contains an

exact NLO treatment of this kinematic at the parton and hadron levels.

According to QCD resummation, in the organization of the large logarithms at the threshold

of the heavy system, the hard scattering ωij functions are expanded in terms of singular functions

which are plus-distributions of the type

[

lnl (s4/m
2
Q)

s4

]

+

= lim
∆→0

{

lnl (s4/m
2
Q)

s4
θ(s4 −∆) +

1

l + 1
lnl+1

(

∆

m2
Q

)

δ(s4)

}

, (9)

where corrections are denoted as leading-logarithmic (LL) if l = 2i + 1 at O(αi+3
s ) with i =

0, 1, . . ., as next-to-leading logarithm (NLL) if l = 2i, as next-to-next-to-leading logarithm

(NNLL) if l = 2i− 1, and so on.

The variables T1 and U1 are related in 1PI kinematics to the transverse momentum pT and

rapidity y of a single final-state heavy quark. The definition of the transverse mass mT of a

single heavy quark is given by

m2
T = m2 + p2T , (10)

and precise relations to the hadronic variables can be obtained as

T1 = −mT

√
S exp(+y) , U1 = −mT

√
S exp(−y) . (11)

Some algebra leads to the integration boundaries, which are given by

S

2
(1− βS) ≤ −T1 ≤ S

2
(1 + βS) , (12)

−m2 S

T1
≤ −U1 ≤ S + T1 , (13)
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where βS =
√

1− 4m2/S. Depending on the order of integration, the phase space boundaries

for y and mT are as follows. For
∫

d(−T1)

∫

d(−U1) = S

∫

dm2
T

∫

dy , (14)

one has

m2 ≤ m2
T ≤ S

4
, (15)

− cosh−1

(

√
S

2mT

)

≤ y ≤ cosh−1

(

√
S

2mT

)

, (16)

and for
∫

d(−T1)

∫

d(−U1) = S

∫

dy

∫

dm2
T , (17)

one has

−1

2
ln

(

1 + βS
1− βS

)

≤ y ≤ 1

2
ln

(

1 + βS
1− βS

)

, (18)

m2 ≤ m2
T ≤ S

4 cosh2(y)
. (19)

4 The DiffTop program

DiffTop is a Mellin space based threshold resummation code for the calculation of the dif-

ferential and total cross section for heavy-quark pair production in 1PI kinematics at hadron

colliders. Depending upon the choice of the inputs selected by the user through a user option file,

DiffTop calculates cross sections at LO O(α2
s), approximate NLO O(α3

s) and NNLO O(α4
s),

in perturbative QCD beyond the leading logarithmic accuracy (NLL, NNLL).

A selection of the desired parton distribution functions (PDFs) and evolution of the strong

coupling constant αs is made through an interface to the modern LHAPDF libraries [33, 34].

DiffTop is a tool for phenomenological analyses of heavy-flavor production at hadron col-

liders, in particular for top-quark pair production. Physics examples and detailed phenomeno-

logical studies can be found in Ref. [31], where the results of transverse momentum and rapidity

distributions of final-state top quarks in proton-proton collisions at the LHC are compared to

the recent measurements by the ATLAS and CMS collaborations at the center of mass energy

of 7 TeV.

This program provides a basis for the inclusion of differential tt̄ cross sections into QCD

analyses for the determination of PDFs at NNLO. For the purpose of a fast calculation within

global QCD analyses, DiffTop is interfaced to fastNLO [35–38] and included into the QCD

analysis platform HERAFitter [39]. The DiffTop interface to fastNLO allows, for the first

time, the HERAFitter user to perform full PDF fits by using the differential cross sections of

tt̄ production. This allows the users to fully explore the potential of the recent tt̄ measurements

at the LHC in QCD analyses for PDF determination.
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5 Program installation

5.1 Content of the package

The package can be downloaded at [32] and it requires the installation of the LHAPDF libraries

which are available at [34]. The presented version of the package is tested with LHAPDF versions

5.8.9 and 5.9.0.

The user can extract the files from the .tar.gz package by running the command:

tar -zxvf difftop-1.0.0.tar.gz

This creates the directory difftop-1.0.0 containing the subdirectory manual which includes

the users manual, and the following files:

• setup.sh: a small shell script containing lines to be edited by the user for the correct

inclusion of paths for the executables and LHAPDF libraries.

• Makefile: it allows the user to compile and link the Fortran programs with the gfortran

compiler. It might be edited to change the path for the LHAPDF libraries. The default

option uses lhapdf-config:

LHAPDFLIBPATH = $(shell lhapdf-config --prefix)/lib

• difftop1PI.f: is the main file. It includes the transverse momentum pT and rapidity y

grids generation, and the calls to the Vegas algorithm (documented in Ref. [41]) integra-

tion routine.

• Sfuncts.f: it includes the analytical structure of the hard and soft functions of the

threshold resummation formalism.

• integrandpty.f: it includes the logarithmic expansion and it represents the core of the

calculation.

• hadfold.f: it includes the calls to the PDFs and αs(µR). It includes the calls to initialize

the LHAPDF libraries and can be also customized for an independent stand-alone PDF

module.

• pac1.f: is the wrapper for the LHAPDF libraries.

• difftop.in: is the user-option input file containing 29 options. It needs to be edited

according to the requirements of the specific computation.

• wgplg.f: auxiliary Fortran subroutine for the calculation of polylogarithmic functions

available at [40].

• vegas.f: is a Fortran subroutine including the Vegas algorithm [41–43].
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5.2 Compiling

Once the correct paths for the LHAPDF libraries are included in the shell script setup.sh,

the user can source it by running the command:

source setup.sh

Then, for compiling and linking, it is only necessary to type:

make

The executable file is generated, that is called difftop1PI.

6 Running DiffTop

To run DiffTop, in the current directory ./difftop-1.0.0, the user must type the command:

difftop1PI

This starts the evaluation and the value(s) of the total(differential) cross section are written

in the output file difftop.out once the calculation is terminated. The file difftop.out is

explained in the next sections.

6.1 Description of the input options file difftop.in

Before starting the evaluation the user must edit the text file difftop.in according to the

configuration of the required calculation. The file difftop.in contains 29 lines arrenged in two

columns (left and right). The various options (left column) are decided by assigning a numerical

(integer or real) value to the variables. A string of characters is utilized to decide which heavy

quark is produced at the chosen collider. The right column contains definitions with a short

explanation of the variables. The structure of the file is illustrated in Table 1 that is explained

line-by-line in what follows.

• line 1. Integer number that selects the type of cross section which is being computed:

0 - transverse momentum dσ/pT distribution of the final-state heavy quark, in [pb/GeV];

1 - rapidity distribution dσ/dy in [pb];

2 - total cross section in [pb] obtained by the integral of the pT distribution;

3 - total cross section in [pb] obtained by the integral of the y distribution.

• line 2. Integer number that selects between the LHAPDF libraries and the stand-alone

PDFs:

0 - stand-alone PDFs ;

1 - PDFs are taken from the LHAPDF libraries.
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Description of the input file difftop.in

1 0 choice: pT (0) or y (1) distrib.; σ
pT
TOT

(2) or σy
TOT

(3);

2 1 PDFflag: (1) LHAPDF; (0) stdalone PDFs module;

3 11200 Iset: index to select the PDFs relative to .LHgrid;

4 99 nalfas: (99) LHAPDF αs; (2,3) ΛQCD version, αs(MZ) = 0.118;

5 0.0878 qcdl1 for nl
f
= 5;

6 0.226 qcdl2 for nl
f
= 5;

7 0.186 qcdl3 for nl
f
= 5;

8 0 ipdf: is (0) when PDFflag=1→LHAPDF; (1) stdalone PDFs;

9 2 naccur: (0) LL, (1) NLL, (2) NNLL;

10 1 nggborn: GG channel Born level;

11 1 nqqborn: QQ channel Born level;

12 1 nggnlo: GG channel NLO;

13 1 nqqnlo: QQ channel NLO;

14 1 nggnnlo: GG channel NNLO;

15 1 nqqnnlo: QQ channel NNLO;

16 0 scale choice: (0) scale = mQ; (1) scale =
√

m2

Q
+ p2

T

17 1.0d0 kF = µF /scale

18 1.0d0 kR = µR/scale

19 173.0d0 mq : mass of the heavy quark

20 7000.0d0 center of mass energy [GeV]

21 5 Number of light flavors nl
f

22 top@LHC heavy-quark produced at collider

23 1.0d0 pT,min: Min val in pT grid

24 80.80d0 pT,max: Max val in pT grid

25 40 Npt: Num points for (Npt + 1) pT -output grid

26 -3.5d0 ymin: Min val in y grid

27 3.5d0 ymax: Max val in y grid

28 40 Ny : Num points for (Ny + 1) y-output grid

29 0.2d0 cut-off parameter del

Table 1: Example of difftop.in. Input options for the DiffTop calculation at approx NNLO

+ NNLL for calculating the pT spectrum of the final-state top quark at the LHC 7 TeV.

• line 3. Integer number that selects the index of the PDF set relative to .LHgrid (e.g.

11200 is used for CT10NNLO, 21200 MSTW08, etc.).

• line 4. Integer number that selects the αs(µR) running:

99 - default value for LHAPDF based αs evolution;

(1,2,3) - value for the parametric αs evolution in terms of the asymptotic scale parameter

Λ at (1,2,3)-loop 3.

• line 5. Real number that is set to the value of Λ at 1-loop in the MS. The default input

is computed by using the RunDec code [45] with input αs(MZ) = 0.118 and nf = 5.

• line 6. The same as line 5 but at 2-loop.

• line 7. The same as line 5 but at 3-loop.

3The implementation of the parametric formula is cross checked against Eq.(5) of Ref. [45]
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• line 8. Integer number that acts as a control flag in order to avoid inconsistent evolutions

of PDFs and αs:

0 - when the LHAPDF libraries are used at line 2, (default choice for most of the applica-

tions);

1 - in case stand-alone PDFs are used at line 2.

• line 9. Integer number that select the logarithmic accuracy:

0 - LL;

1 - NLL;

2 - NNLL.

• line 10. Integer number to activate the gluon-gluon channel at the Born level:

(0,1) - (GG Born not active, GG Born active).

• line 11. Integer number to activate the quark-antiquark channel at the Born level:

(0,1) - (QQ Born not active, QQ Born active).

• line 12. Integer number to activate the gluon-gluon channel at NLO:

(0,1) - (GG@NLO not active, GG@NLO active).

• line 13. Integer number to activate the quark-antiquark channel at NLO:

(0,1) - (QQ@NLO not active, QQ@NLO active).

• line 14. Integer number to activate the gluon-gluon channel at NNLO:

(0,1) - (GG@NNLO not active, GG@NNLO active).

• line 15. Integer number to activate the quark-antiquark channel at NNLO:

(0,1) - (QQ@NNLO not active, QQ@NNLO active).

• line 16. Integer number to select the scale choice in the calculation:

0 - the scale is set to the mass of the heavy quark Q = mQ (default choice);

1 - the scale is set dynamically according to Q =
√

m2
Q + p2T ;

• line 17. Real number to define the value of kF = µF /scale for the factorization scale µF

(kF = 1 default).

• line 18. Real number to define the value of kR = µR/scale for the renormalization scale

µR (kR = 1 default).

• line 19. Real number to define the value of heavy-quark mass. It is interpreted as the

pole-mass.

• line 20. Real number to define the value of the center of mass energy
√
S in GeV.
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• line 21. Integer number to define the number of light flavors in the calculation (nlf=5 is

the default choice for top-quark pair production).

• line 22. String of characters to define the heavy-quark produced at the collider (e.g.

top@LHC for top-quark pair production at the LHC, bottom@TEV for the bottom-quark

case at the Tevatron, etc.).

• line 23. Real number to set the minimum value of the transverse momentum pT,min. By

default, the minimum value is never taken below 1 GeV. This option holds at differential

level only.

• line 24. The same as line 23, but for the maximum value of the transverse momentum

pT,max.

• line 25. Integer number to define the number of points Npt for the pT grid. The output

grid will contain Npt + 1 points. The analytic expression defining the pT grid can be

modified by manipulating the main file difftop1PI.f where the string “loop over pt”

is located.

• line 26. Real number to set the minimum value of the rapidity ymin. This option holds

at differential level only.

• line 27. The same as line 26, but for the maximum value of the rapidity ymax.

• line 28. The same as line 25, but for the rapidity y. The string to be searched in case of

manipulation is “loop over y”.

• line 29. Real number to set the value of the cutoff variable del. The default value is set to

del=0.2. The calculation is very stable when this value is varied. This value corresponds

to the parameter ∆ introduced in the plus-distribution definition of Eq. (9).

It important to notice that the calculation of the total cross section, when selected at line 1

of difftop.in, does not depend on the choices at lines 23, 24 and 26, 27. These limits on pT

and y are only used for the case of differential distribution evaluation (values 0 and 1 at line 1).

According to the current configuration of DiffTop, the LHAPDF and stand-alone αs and

PDFs determinations are kept separated by the use of the flags PDFflag and ipdf. It is possible

to change this configuration by modifying the logical statements located in the Fortran files

hadfold.f (where the stand-alone PDFs module must be placed) and difftop1PI.f.

To perform a study of renormalization and factorization scale variation the user must select

the values at lines 17 and 18. The case corresponding to 1/2mQ ≤ µF = µR = mQ ≤ 2mQ is

reproduced by launching three separate jobs with the following settings:
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Run 1 Run 2 Run 3

----------------------------------------

scale = mQ scale = mQ scale = mQ

k_F = 0.5 k_F = 1. k_F = 2.

k_R = 0.5 k_R = 1. k_R = 2.

The column relative to Run 2 corresponds to the central configuration.

Please note that the current DiffTop-1.0.0 version implies only simultaneous variations

of the renormalization and factorization scales. The next release of the code will include the

necessary terms to allow for independent scale variations. Currently, the scale variation is

restricted to 1/4mQ ≤ µF = µR ≤ 4mQ.

6.2 Description of the output

The result of the calculation is printed in the text file difftop.out. For the case of the total

cross section, only one line is printed in which numbers are placed in columns:

sqrt(S) [GeV], sigmatot [pb], +- error

The first column contains the input center of mass energy in GeV, the second the value of the

total cross section in [pb] evaluated at the heavy-quark mass mQ (pole) and scale µF , µR, while

the third one contains the error estimate of the Vegas algorithm which is given in terms of

standard deviation.

For the case of differential distributions, the output is similar:

pT [GeV] or y, dsigma/dpT [pb/GeV] or dsigma/dy [pb], +- error

... .... ....

... .... ....

where the first column accounts for the grid of the selected differential variable pT or y, the

second contains the differential distribution in the appropriate units ([pb/GeV] for pT spectrum

or [pb] for rapidity), and the third one is the Vegas error.

The final cross section is obtained as the sum of the Born level, inelastic and elastic cross sec-

tion contributions. The inelastic contribution includes terms which are proportional to the first

logarithm on the right-hand side of Eq. (9), while the elastic one is proportional to logarithms

of ∆/m2
Q on the left-hand side.

According to the current settings of the integration routines, the accuracy of the calculation 4

for each single contribution is at the per-mill level, which is accurate enough for phenomenological

applications at collders. The settings for the integration accuracy can be modified by searching

for the string VEGAS parameters in the main file difftop1PI.f. These modifications will affect

the evaluation speed.

4It refers to the value of the standard deviation output of the vegas.f routine
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6.3 Test run

As an example, the computation for few points of the pT spectrum relative to the input reported

in Table 1 is performed and numerical results are illustrated in Table 2. Reported is also the

total cross section.

CT10NNLO, LHC 7 TeV, mt = 173 GeV

ptT [GeV] dσ/dpT [pb/GeV]

1 0.0437

75 1.270

80 1.256

150 0.679

σtot [pb] 179.9

Table 2: A test run with DiffTop corresponding to the input file in Table 1

7 Summary

A description of the DiffTop Fortran based package has been presented. This code calculates

the total and differential cross sections for heavy-quark pair production at hadron colliders at LO,

approximate NLO, and NNLO in QCD, by using technique of threshold resummation beyond

the leading logarithmic approximation. This flexible program represents an important tool

for analyses that are of interest for phenomenological studies at hadron colliders with particular

emphasis on top-quark pair production. Details of the distributions of the transverse momentum

and rapidity of the final-state top-quark can be generated by selecting the desired PDF set, scale,

αs and top quark mass mt. DiffTop theoretical predictions have been compared to the recent

measurements by the CMS and ATLAS collaborations, and detailed results together with an

extensive discussion can be found in Ref. [31].
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